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.. Abstract 

o 

'nT , We discuss all possible schemes with four massive neutrinos inspired by the 

existing experimental indications in favour of neutrino mixing, namely the at- 
mospheric, solar and LSND neutrino experiments. We argue that the scheme 
with a neutrino mass hierarchy is not compatible with the experimental re- 



Tlj" ■ suits, likewise all other schemes with the masses of three neutrinos close to- 



gether and the fourth mass separated by a gap needed to incorporate the 

LSND neutrino oscillation result. Only two schemes with two pairs of neutri- 

0> I nos with nearly degenerate masses separated by this gap of the order of 1 eV 

■^ ' are in agreement with the results of all experiments, including those where no 

f^ • indications for neutrino oscillations have been found. We also point out the 

JL , possible effect of big-bang nucleosynthesis on the 4-neutrino mixing matrix 

D i and its consequences for neutrino oscillations. Finally, we study predictions 

'^ ' for neutrino oscillation experiments and ^H and (/3/3)oi/ decays, following from 

the two favoured neutrino mass spectra and mixing schemes. These predic- 

^ ■ tions can be conceived as checks of the input used for arriving at the two 

favoured schemes. 
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THE SCOPE OF THIS ARTICLE 



At present there are three indications in favour of neutrino oscillations: the results of 
, atmospheric |6|-p!3| and LSND experiments [jl4|-^ 



the solar |1|-^, atmospheric p|-p^ and LSND experiments [p]4|-p^. These three indications 
require three different scales of mass-squared differences and, therefore, four neutrinos with 
definite mass. Since the LEP experiments [0 have shown that the number of active neu- 
trinos is three, a fourth neutrino is needed which is sterile, i.e., its couplings to the W and 
Z bosons are zero or negligible. 

In this paper we take all three indications seriously and thus discuss the phenomenological 
analysis of all existing neutrino data in terms of 

3 active + 1 sterile neutrino. 

We will consider the topics of the nature of the possible neutrino mass spectra, constraints 
on the neutrino mixing matrix from the oscillation data and from big-bang nucleosynthesis, 
and finally checks and consequences ensuing from the favoured neutrino mass spectra and 
the associated mixing matrices. 

In the following we will use the abbreviations SBL for short-baseline, LBL for long- 
baseline and BBN for big-bang nucleosynthesis. 

I. INTRODUCTION 



A. Neutrino mixing 

Neutrino masses and neutrino mixing are natural phenomena in gauge theories extending 
the Standard Model (see, for example, Ref. [l^). However, for the time being, masses and 
mixing angles cannot be predicted on theoretical grounds and they are the central subject 
of the experimental activity in the field of neutrino physics. 

In the general discussion, we assume that there are n neutrino fields with definite flavours 



and that neutrino mixing is described by a n x n unitary mixing matrix U [|T9[ such that 



T^aL 



E^. 



a] '^3 



VjL 



a 



e,/i,r,si. 



(1) 



Note that the neutrino fields v^l other than the three active neutrino flavour fields i^eL, 
v^Li ^tL must be sterile (for a review see Ref. [^) to comply with the result of the LEP 
measurements of the number of neutrino flavours. The fields z/j^, (j = l,...,n) are the 
left-handed components of neutrino fields with definite masses rriy We assume the ordering 
rnx < r7i2 < • • • < ""^ra for the neutrino masses. 

The most striking feature of neutrino masses and mixing is the quantum-mechanical 
effect of neutrino oscillations [^ (for a review on the early years of neutrino oscillations see 
Ref. [^). The transition (a 7^ /5) or survival (a = (3) probability for Ua —>■ ^i3 is given by 



p 



*Uf3 



J2U(3jU*jexp 



i=i 



' 2E 



(2) 



where Am^^i. = m| — ml, L is the distance between neutrino source and detector and 
E is the neutrino energy. Eq.(§) is vahd for ultrarelativistic neutrinos with rn?J E'^ -C 1 
(j = 1, . . . ,n). There are additional conditions depending on the neutrino production and 
detection processes which must hold for the validity of Eq.(0). See, e.g., Ref. p3| and 
references therein. 

Let us indicate some important features of Eq.(|^): 

• The oscillation probabihty Pp^^p^ for antineutrinos is obtained from P^^^^^ by making 
the replacement U —>■ U*. 

• The probabilities P^^^^,^ and Pp^^y^ depend only on mass-squared differences, which is 
explicitly shown by the phase factor exp{im'lL/2E) multiplying the expression within 
the absolute value in the probability @. 

• The oscillation probabilities Py^^y^ and Pp^^p^ do not distinguish between the Dirac 
or Majorana nature of neutrinos. Note that neutrino fields of different natures cannot 
mix. 

• In the oscillation probabilities, phases of the form 

^!^ ~ 2 53 X f^] (^] " (±-] (3) 

occur, where Am^ is a generic mass-squared difference. Given E and L, these phases 
determine the order of magnitude of Am^ a neutrino oscillation experiment is sensitive 
to. 

Let us discuss two examples illustrating the last point. Clearly, experiments can only see 
phases @ if they are not too small, say if they are of order 1. The first example concerns 
SBL reactor experiments. By convention, SBL experiments are sensitive to mass-squared 
differences Am^ ^0.1 eV^. With _E ~ 1 MeV it follows that L > 10 m is a sufficient 
distance between neutrino source and detector to achieve this sensitivity. On the other 
hand, the longest baseline possible on earth is 13000 km, the diameter of the earth. In 
this case, the atmospheric neutrino flux is available with the largest flux around E r^ 1 
GeV. The requirement that the phase (^ is larger than 0.1 leads to a sensitivity estimate 
of Am2 > 10-^ eV^. 



B. Indications in favour of neutrino oscillations 

At present, indications that neutrinos are massive and mixed have been found in solar 
neutrino experiments (Homestake ll|, Kamiokande |^, GALLEX [H, SAGE [|] and Super- 
Kamiokande P), in atmospheric neutrino experiments (Kamiokande p, 1MB 0], Soudan 
P], Super-Kamiokande ^ and MACRO ||l3l) and in the LSND experiment 0,0] (see also 



the review |]2^). From the analyses of the data of these experiments in terms of neutrino 
oscillations one infers the following scales of neutrino mass-squared differences: 



Solar neutrino deficit: Interpreted as effect of neutrino oscillations, the relevant 



value of the mass-squared difference is determined as P5| , P6 



^^soiar ~ 10"' eV (MSW) or Ami^^^^ ~ 10"' W (vac. osc.) (4) 

The two possibilities for Am'^^^^^ correspond, respectively, to the MSW [|^ and to 
the vacuum oscillation solutions of the solar neutrino problem. The solar neutrino 
experiments are u^ disappearance experiments. 

Atmospheric neutrino anomaly: Interpreted as effect of neutrino oscillations, the 
zenith angle dependence of the atmospheric neutrino anomaly [^^ using the so-called 
contained and partially contained multi-GeV events ||12| gives 



Aml^ = 3.5 X 10-^ eV (5) 

with sin^ 2^atm = 1 for the mixing angle as best fit values under the assumption of 
z/^— i> z/^ oscillations. In essence, the atmospheric neutrino anomaly is interpreted as 
u^ disappearance. 

LSND experiment: The evidence for lyn-^ v^ oscillations in this experiment leads 



to [ITl 



AKsND~leV^ (6) 

The result of the LSND experiment is the only evidence for neutrino appearance. 

Thus, due to the three different scales of A?7i^, at least four light neutrinos with definite 
masses must exist in nature in order to accommodate the results of all neutrino oscillation 
experiments, and because of the LEP result on the number of active neutrinos the existence 
of at least one non-interacting sterile neutrino is required. In the following, apart from the 
SBL discussion in Section |IT1|, we will confine ourselves to four neutrinos. For early works 
on four neutrinos see Ref. pSl, for general phenomenological discussions see Refs. p9|- 



II. TYPES OF 4-NEUTRINO MASS SPECTRA 

With four massive neutrinos and the ordering m\ < 1712 < m^ < rn^ among the masses, 
there are six possible types of neutrino mass spectra which accommodate the three mass- 
squared differences required by the experimental data. In four of them three masses form a 
cluster separated by the gap from the fourth mass needed to describe the LSND experiment 
(types (I) - (IV)). Spectrum (I) is the hierarchical type. Spectrum (III) is sometimes called 
inverted hierarchy (see Fig. |l]). The remaining two spectra denoted by (A) and (B) have 
two nearly degenerate mass pairs separated by the LSND gap (see Fig. |I]). One of the main 
focuses of this article is the discussion of these 6 types of neutrino mass spectra in the light 
of all available experimental data. 
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FIG. 1. The six types of neutrino mass spectra that can accommodate the solar, atmospheric 
and LSND scales of Am^. The different distances between the masses on the vertical axes symbolize 
the different scales of Am^. The spectra (I) - (IV) define class 1, whereas class 2 comprises (A) 
and (B). 

III. SBL EXPERIMENTS 

The material discussed in this section is independent of the number of neutrinos. There- 
fore, this number will be kept general and denoted by n. 

A. Basic assumption and formalism 



We will make the following basic assumption 1^,^| in the further discussion in this 
report: 

A single Ani"^ is relevant in SBL neutrino experiments. 

This assumption is trivially fulfilled for n = A. In accordance with Eq.(|]) we denote this 
Am^ by 

^"^LSND = ^"^SBL • (7) 

As a consequence of this assumption the neutrino mass spectrum consists of two groups 
of close masses, separated by a mass difference in the eV range. Denoting the neutrinos of 
the two groups by z/i, . . . , z/^ and z/^+i, . . . , z/„, the mass spectrum looks hke 

m\< . . . <ml <^ "^r+l < • • • < "^n 
such that 

Afn\- -C AmggL for 1 < j < k <r and r + l<j<A;<n, 

Amij ~ Ar/iggL for 1 < J < r and r + 1 < k <n 

holds for the purpose of the SBL formalism. 

Eq.(]^) together with Eq.(|^) gives the SBL transition probability 
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p(SBL) 



j=l ^ ^ j=r+l 



aj 



(8) 
(9) 



(10) 



B. SBL formulas 



For the probability of the transition u^ —>■ up {a ^ (3) we obtain from Eq.(|TUp 



^i'^'.l = V/3 f 1 - cos ^^%^ 



where the oscillation amplitude A^-b is given by 



(11) 



Aa;f} = 4 



j>r+l 



a] 






aj 



(12) 



Eqs.([Tl|) and (|I2|) follow from the unitarity of U. Furthermore, the oscillation amplitude Aq,.^ 
fulfills the condition Aa;/3 = Af^-a < 1- The second part of this equation is a consequence 
of the Cauchy-Schwarz inequality and the unitarity of the mixing matrix. The survival 
probability of z/^ is calculated as 



Pf BL) = 1 _ y p^SBL) = 1 _ ip^ (l 



COS 



2E 



with the survival amplitude 



(13) 



S. 



\j>r+l 
\j<r 



j>r+l 
j<r 



Conservation of probability gives the important relation 

Ba = 2_^ ^";/3 — 1 • 



(14) 



(15) 



The expressions (^Tj) and (|T3]) describe the transitions between all possible neutrino 
states, whether active or sterile. Let us stress that with the basic assumption in the beginning 
of this subsection the oscillations in all channels are characterized by the same oscillation 
length 



L 



A-K 



E 


= 2.48 m 


( E \ 


/ leV^ 


^"^Ibl 


^IMeVy 


V^^^Ibl 



(16) 



Furthermore, the substitution U ^ U* m the amplitudes (|T^) and ( P^ does not change 
them and therefore it ensues from the basic SBL assumption that the probabilities (pH]) 
and (|T3|) hold for antineutrinos as well and hence there is no CP violation in SBL neutrino 
oscillations. 



C. The relation between SBL n-neutrino oscillations and 
2-neutrino oscillations 

The oscillation probabilities (0) and (0) look like 2-flavour probabilities. Defining 
sin^ 29a/3 = Aa-i3, sin^ 29a = B^ and sin^ 26*^ = i?^ for a ^ P, the resemblance is even more 
striking. It means that the basic SBL assumption allows to use the 2-flavour oscillation 
formulas in SBL experiments. However, genuine 2-flavour u^ <-> I'/s neutrino oscillations are 
charactei 
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FIG. 2. The bounds o^ (a = e, //). 



IV. SBL DISAPPEARANCE EXPERIMENTS 

For the two flavours a = e and /x, results of disappearance experiments are available. We 
will use the 90% exclusion plots of the Bugey reactor experiment @] for z/g disappearance 



and the 90% exclusion plots of the CDHS |^ and CCFR |^6[ accelerator experiments for z/^ 
disappearance. Since no neutrino disappearance has been seen in SBL experiments, there 
are upper bounds 5° on the disappearance amplitudes for a = e, /i. These experimental 
bounds are functions of /\m\^i^. It follows that 

r 

E„ = 4c„(l-c„)<5° with Co, = Y,\Uaj? (17) 



and, therefore fS^] 



Ca<al or c„ > 1 - a° with a° = ^ (l - ^l-B^^ . (18) 

This equation formulates the important constraints on the mixing matrix U stemming from 
the negative results of SBL disappearance neutrino oscillation experiments. Note that 
Eq.(18) shows that a° < 1/2. Furthermore, since the upper bounds B'^ on the survival 



amplitudes Ba are functions of AmggL, the same is true for the bounds a° . In the region of 
ArriggL where no experimental restrictions on the survival amplitude are available, we have 
S° t I5 ill which case it follows that a° f 0.5. 

In Fig. 1^ the bounds a^ and a° are plotted as functions of /S.m\^^ in the wide range 
10"^ eV^ < Am^BL < 10^ eV^ In this range a° is small (a° < 4 x 10"^) ^nd a° < 10^^ for 
A^^Ibl > 0.5 eV2. 

V. THE LSND EXPERIMENT 

The LSND experiment investigates Va — * t'e oscillations, where the Va flux is generated 



by yU"*" decay at rest |T^, and z/^ — > Ve oscillations, where the neutrino source is given by tt"*" 
decay in flight |jl5| . Both channels have shown evidence in favour of neutrino oscillations with 
perfectly compatible results and, therefore, give a non-zero measurement of the transition 
amplitude A^.g (0). On the other hand, from the negative result of the Bugey experiment 
and from inequality (p!5| ) we also have the constraint 

A,;e < Bl . (19) 

From the 90% CL plot |16| of the LSND collaboration and from the Bugey bound 5° one 
obtains approximately 

2 X 10-^ < A^.e < 4 X 10-2 (20) 

and 

0.2eV'<Aml^^<2eY'. (21) 



See, e.g., also Fig. 5.9 in Ref. p4|. These ranges are also compatible with the negative result 



of the KARMEN experiment P§. 



VI. THE SUPER-KAMIOKANDE UP-DOWN ASYMMETRY 

In the Super-Kainiokande experiment - like before in the Kaniiokande experiment - at- 
mospheric electron and muon neutrinos are measured by the Cherenkov light of electrons 
and muons, respectively, produced by charged current interactions of the neutrinos. Thus, 
e-like events appear as diffuse rings and /i-like events as sharp rings in the detector. A distin- 
guished class of events is given by the single-ring (Ir) events which are fully contained (FC) 
in the inner detector. These events are charged current e-like and /z-like events with very 
high probability |p. Partially contained (PC) events have tracks exiting the inner detector 
and are nearly 100% /i-like events. The zenith angle distributions of Kamiokande and 
Super-Kamiokande [§], which gave the first evidence for atmospheric neutrino oscillations, 
are based on such events, and the up-down asymmetry of Super-Kamiokande as well H]. 



Note that in the Super-Kamiokande experiment muons going through [|10[ or stopping 



Tl| in the detector are also measured, which originate from atmospheric muon neutrinos 



interacting with the rock beneath the detector. Evaluating these events under the hypothesis 
of neutrino oscillations gives results for Am^^j^ and the atmospheric mixing angle compatible 



with the oscillation parameters derived from the zenith angle distribution ||10|-|12|. The 
same applies to the result of the MACRO experiment on through-going muon events []T3|. 
Moreover, these types of events, which correspond to neutrino energies of E' ~ 100 GeV 
for the through-going and E r^ 10 GeV for the stopping events, have the capacity to allow 
for a distinction between the z/^ -^ z/^ and z/^ -^ Vg solutions of the atmospheric neutrino 



anomaly. At present, the sterile neutrino solution is disfavoured at about 95% CL |39 . 

The zenith angle 9z of an e-like or /i-like event is defined as the angle between the vertical 
line and the direction of the electron or muon track. For multi-GeV events, defined by a 
visible energy larger than 1.33 GeV, the average angle between the charged lepton direction 
and the neutrino direction is around 20° f^]. Since cos6z = ±0.2 corresponds to 90° ± 11.5° 
it is reasonable to define up (U) and down (D) going /i-like events in the following way: 

U = #(multi GeV FC Ir + PC //-like events with -1 < cos^^ < -0.2) , , . 

D = #(multi GeV FC Ir + PC /z-like events with 1 > cos^^ > 0.2) . ^ ^ 

Clearly, if there are no neutrino oscillations, we would have U = D. Super-Kamiokande has 
measured the up-down asymmetry with the latest result 



U-D , , 

A^, = - - = -0.311 ±0.043 ±0.01. (23) 

This value constitutes the most compelling evidence for neutrino oscillations at present. The 
error ±0.01 stems from an estimation of the up-down asymmetric effects of the magnetic 
field of the earth on the primary cosmic ray flux. The value for the corresponding asymmetry 
for e-like events (defined via (0) but without PC) is given by Ae = —0.036 ± 0.067 ± 0.02 
H] and is compatible with zero, i.e., no oscillations of atmospheric electron neutrinos. 



VII. THE 4-NEUTRINO MASS HIERARCHY IS DISFAVOURED BY THE DATA 

In the case of a neutrino mass hierarchy, m\ -C m^ <^ vnj, <^ 7714, the mass-squared 
differences Am^i and Am|2 — Am|j^ are relevant for the suppression of the flux of solar 



neutrinos and for the atmospheric neutrino anomaly, respectively. In this case the quantity 
Ca is defined via r = 3 (see the formalism in Section III A and the definition ([TtD ) and, 
therefore, we have 



^) 



E 



U„,\'. (24) 



In the following, according to the 4-neutrino assumption, we assume that ArriggL is in the 
numerical range (|21| ) given by the result of the LSND experiment. Our aim is to derive 
three bounds on c^ as functions of AmggL, using as input various oscillation data. We will 
finally see that these bound are incompatible with each other, thus strongly disfavouring 
the hierarchical neutrino mass spectrum. 



The first bound we need is given by Eq.( 

Bound a: c^ < a^^ or c^ > 1 — a° . (25) 



For this bound the experimental input is the data on SBL z/^ disappearance p5|,|36 



For the derivation of the next bound we refer the reader to Ref. [^. It is based on the 



up-down asymmetry [|,|12 



Bound b: - A, < ^^^^_^ , (26) 

where r = n^/ne is defined as the ratio of /i-like to e-like events in the detector without 
neutrino oscillations. Its numerical value r ~ 2.8 can be read off from Fig. 3 in Ref. 0. 
Because of the smallness of a^ the bound (^^ has a very weak dependence on the precise 
value of r. For the bound (p6D, in addition to A^, also SBL disappearance data 0] have 
been used and the lower bound on the survival probability of solar neutrinos given by |^ 
Pue^ve — I^e4|^ = (1 — Ce)^. The latter inequality shows that only the possibihty Ce > 1 — a^ 
is allowed. 

The third bound uses the fact that the LSND result establishes a lower bound A"^}^ on 
the transition amplitude A^.^^'- 

Bound c: c^ < 1 - A'^^^/Aal . (27) 

It derives from A^.g = 4(1 — Ce)(l — c^) (see Eq.(|12D) and Cg > 1 — a^. 

In Fig. Ijthe bounds a, b, c, labelled by CDHS, SK+Bugey, LSND+Bugey, respectively, 
are plotted in the A?TiggL-c^ plane. Note that bound c is practically a horizontal line due 
to the smallness of the term containing a^. The three bounds, which are all derived from 
90% CL data, leave no allowed region in the plot. Thus the hierarchical mass spectrum (I) 
is strongly disfavoured by the data. The same arguments presented here can be used also 
for the other spectra (II), (III), (IV) of class 1 (see Fig. |I|) by defining Ca 017] ) through a 



summation over the indices of the three close masses for each of the spectra of class 1 |3^ 
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FIG. 3. Regions in the ATTigg^-c^ plane disfavoured by the results of the CDHS, CCFR, LSND, 
Super-Kamiokande and Bugey experiments in the case of the spectra of class 1. The shaded region 
is excluded by the inequalities ( p5| ) and the region with oblique hatching by the bound (p?!). The 
nearly horizontal curve labelled SK + Bugey represents the lower bound ( |26| ) derived from the 
Super-Kamiokande up-down asymmetry. No allowed region is left in this plot and, therefore, the 
spectra of class 1 are disfavoured by the data. 



VIII. THE FAVOURED 4-NEUTRINO MASS SPECTRA (A) AND (B) 

Now we are left with only two possible neutrino mass spectra in which the four neutrino 



masses appear in two pairs separated by ~ 1 eV l2^j3^ : 



atm solar 

(A) rrii < 7712 ^ ^^3 < ^^4 



and 



solar atm 

(B) nil < ""^2 ^ ITT-S < ITT-A ■ 



(28) 



LSND LSND 

In the case of these two mass spectra we have r = 2 and thus 

Cq = ^ \Uaj\'^ (a = e,n) . 
i=i,2 



(29) 
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With the argument analogous to the one using P^^ 
constraint on the mixing matrix: 



below Eq.(p6D one finds the following 



(A) Ce<al, (B) Ce>l 



(30) 
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FIG. 4. The bounds for Schemes (A) and (B) analogous to the ones depicted in Fig. H in the 
case of the hierarchical mass spectrum. The white areas in Subfigs. (a) and (b) show the allowed 
regions of c^ for Schemes (A) and (B), respectively. Subfig. (b) is obtained by reflection of all the 
curves in Subfig. (a) at the line c^ = 1/2. 

We have to check that these mass spectra are compatible with the results of all neutrino 
oscillation experiments. Going through the same arguments as in the case of the hierarchical 
mass scheme in the previous section, we have plotted the corresponding bounds a, b, c in 
Fig. 1^ for Scheme (A) (Subfig. (a)) and (B) (Subfig. (b)). We observe that in these cases 
white areas (unshaded and unhatched) are left ||3^ which show the allowed ranges of c^ in 
the AmggL^c^ plane. Thus, Schemes (A) and (B) are compatible with all oscillation data. 

IX. THE STERILE NEUTRINO AND BIG-BANG NUCLEOSYNTHESIS 



Since we are discussing four neutrinos it is necessary to study the compatibility of the 
preferred Schemes (A) and (B) with BBN. Whether the effective number N,y of light neutrinos 
relevant in BBN is smaller than 4, is still debated in the literature. An upper bound on N^y 
depends, in particular, on the primordial deuterium abundance {D/H)p for which conflicting 
measurements exist. For the low value of {D/H)p the value of N,^ should rather be close to 
3 |41] whereas a high ratio {D/H)p allows also values of N^, around 4 [^]. In this section 
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we inquire constraints on the mixing matrix U under the assumption of N,y < 4. In this 
case, a large active - sterile neutrino mixing seems to be excluded by standard BBN with 
zero lepton number asymmetry (see Refs. P^j30|Ji^ and citations therein). 

In a simplified version, the amount of sterile neutrinos present at BBN can be calculated 
using the differential equation |^ 

dn,y^ _ 
~ 2 



dt 



„ / ^ {-t^Ua^iys) coll^ Ua\^ 



n,. 



J 



(31) 



a=e,/j,r 



where n^^ is the number density of the sterile neutrino relative to the number density of an 
active neutrino in thermal equilibrium (rij,^ < 1) and the T^^ are the total collision rates 
of the active neutrinos |^. The oscillation probabilities in Eq.(PTD are averaged over the 
collision time tcoii = ^/'^u^- Eq-(plD is valid if the oscillation time is smaller than the collision 
time and if in the time evolution no resonance is encountered or a resonance is undergone 
adiabatically. For a further discussion of (0) see Ref. ||4^ . 

It turns out that in the time evolution in the early universe from a temperature of 
around 100 MeV to a few MeV, when the active neutrinos decouple, in Scheme (A) there 
is no resonance, whereas in Scheme (B) the time evolution goes through a non-adiabatic 
resonance. In the latter case the Landau-Zener effect has to be used to estimate the amount 
of sterile neutrinos produced at the resonance, instead of using Eq . (^I]) . In this way the 



following constraint on U can be derived P^ : 



N^ < 3.9 



Cs 



< 5 X 10 

< 5 X 10 



(A) 
(B) 



(32) 



\U -P 

=1,2 I'^sjl • 



where c^ = X]j 

Thus, concentrating on Scheme (A), from Eqs. (|30D and (|32|) and from Fig. ^ we know 
which elements in the mixing matrix must be small in the rows pertaining to the neutrino 
flavours (types) e, /i and s. Consequently, also the small elements in the r row of U are 
flxed. Symbolizing by o small mixing elements and by • large ones, we arrive at the following 
mixing matrix: 



12 3 4 

/ o o • • 



Scheme (A): U 



\ 



\ 



J 



e 

T 
S 



(33) 



For Scheme (B) the analogous mixing matrix is obtained by the exchange 1 ^^ 3, 2 ^^ 4 
of the columns in ([331) . As a consequence, if N^ < 4, the solar neutrino problem is solved 
Ue —>■ Vs transitions in Schemes (A) and (B), whereas the atmospheric neutrino anomaly by 
^u —>' ^T transitions |30H3]. Since a large mixing angle Ve 



v^ transition as a solution of 



the solar neutrino puzzle is not compatible with the solar neutrino data l^^l' ^^is transition 
must take place due to the small mixing angle MSW effect. 

There is a debate in the literature if the constraint (p2D can be avoided by taking into 
account the effect of a lepton number asymmetry in the early universe. It rather seems that 
this is not possible with the range ( pi]) of Ar/iggL determined by the LSND experiment. For 
recent papers on this problem see Refs. P5|,|45[ . 
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X. PREDICTIONS OF THE FAVOURED SCHEMES (A) AND (B) 



Schemes (A) and (B), either with or without the constraints from BBN, allow to make 
predictions for LBL and SBL experiments, CP violation in LBL experiments, ^H decay and 
{PP)ou decay. We will not touch the subject of CP violation (see the papers in Ref. [^). 
LBL experiments: 

LBL neutrino oscillation experiments are sensitive to the so-called "atmospheric Arn^ range" 
of 10~^-10~'^ eV^. For reactor experiments with i? ~ 1 MeV this requires L ~ 1 km |ED|, 
whereas in accelerator experiments with E ~ 1-10 GeV the length L of the baseline is of 

(seeEq.®). 



order of a few 100 to 1000 km [|T]-| 

Let us consider scheme (A) and neutrinos for definiteness. Then in vacuum the proba- 
bilities of Ua — ^ I'ls transitions in LBL experiments are given by 



p(LBL,A) 






+ 



E ^^^ ^"A 



k=3A 



(34) 



This formula has been obtained from Eq.(^ by dropping terms with large phases being 
approximately Am'^^-^L/2E, which do not contribute to the oscillation probabilities averaged 
over the neutrino energy spectrum. 

From Eq. (|51D , with a = P and Eq. (PP|) , it follows immediately that 

(35) 



p^LBL A) > (1 _ c„ 



Applying this inequality to LBL reactor experiments we obtain p4 



1 



p(LBL) . 



(2 



(36) 



One can easily check that Eq.(^) holds for both Schemes (A) and (B). In Fig. |^ we have 
plotted this bound together with the present experimental bound achieved in the CHOOZ 
experiment [Q. The negative result of the CHOOZ experiment is in agreement with the 
predictions of Schemes (A) and (B). 

Considering now LBL transition probabilities and using the Cauchy-Schwarz inequality 
for the first term on the right-hand side of Eq.(p4|), we obtain 



pS'^) <c^Cf, + j A^,, 



1 
4 



(a^P) 



(37) 



Whereas for the inequality (pq ) matter corrections play no role due to the small energy 
of reactor neutrinos and the distance L ~ 1 km of the detector from the source, such 
corrections have to be taken into account to derive a realistic bound from Eq.(|37|) in order 
to apply it to LBL accelerator experiments [pI|-|5B 
scheme-independent upper bound from Eq.(p7D see Ref. 



For a derivation of a matter-corrected. 



Ve. 



For the MINOS and ICARUS 

transition probability decreases from around 

(21) [^|. However, the sensitivity of 



experiments this upper bound on the v^ 

0.1 to 0.03 when Att^Ibl varies from 0.2 to 2 eV^ 

these experiments is much better than this bound. For the KEK to Super-Kamiokande LBL 

experiment the upper bound on the same transition is rather 0.04 at most [Q. A similar 

stringent bound can be derived on the probability of v^, -^ v^ transitions. 
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FIG. 5. The upper bound p^ ) on 1 — Pp^^pK The shaded area indicates the LSND range 
(|2l| ) and the vertical dashed hne the experimental upper bound which has been obtained in the 
CHOOZ experiment. 

SBL u^ -^ Ut- transitions: 

li N^ < 4 holds (see previous section), then the quantity Cg is very small (see Eq.(|32|)). In 

this case it can be shown that 



(A) c, 

(B) 1-c, 



An-T < (a 



0\2 
e) 



(38) 



is valid [0]. Due to the smallness of a^ (see Fig. |^) the transition amplitude A^.^- is below 
10^'^ P3, which also serves as a check for the validity of the BBN constraint on U. 
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^H decay: 

Let us assume that mi 2 <^ ^713 4. Then one easily derives the relations |29 



(A) mi,(^H) ~ m^ ~ m^ , 

(B) m,(3H)<a0m4 



(39) 



for the mass r7i;^(^H) measured in tritium decay. Since in Scheme (A) one has 7/13^4 ~ 

(AmggL)^/^, it might be possible in the future to see a neutrino mass in tritium decay, 

whereas this mass effect is suppressed in Scheme (B). 

{/3/3)o^ decay: 

If neutrinos are of Majorana nature, neutrinoless double-beta decay proceeds via the effective 



Majorana neutrino mass (see Ref. |^ for other mechanisms) 



|{™>i 






m. 



(40) 



which can thus be related to present experimental information. Making the same assump- 
tions about the neutrino masses as in the previous paragraph, it is easy to show that in 
Scheme (A) the relation 



a/i - sin^ 26'soiar V Am^BL < 



{m) 



< 



^"^SBL 



(41) 



holds [Q, where ^soiar is the mixing angle relevant for solar neutrino oscillations. Note that 
from the range (|2ll) it follows that 



0.5 eV< A/Am|BL < 1.4eV. 



(42) 



Thus, at least the upper bound in Eq.f^lD is in the reach of present experiments p7| , M - At 
present a very stringent bound exists from the ™Ge experiment [Q with \{m)\ < 0.2 -^ 0.6 
eV (see also the references cited in Ref. [^]). Note that for the small mixing angle MSW 
solution of the solar neutrino puzzle, which is favoured by BBN, one has 



1(^)1 



^"^Ibl 



(43) 



XI. CONCLUSIONS 

In this report we have discussed the possible form of the neutrino mass spectrum that 
can be inferred from the results of all neutrino oscillation experiments, including solar and 
atmospheric neutrino experiments. The crucial input are the three indications in favour of 
neutrino oscillations given by the solar neutrino data, the atmospheric neutrino anomaly 
and the result of the LSND experiment, and also the negative results of the SBL disap- 
pearance experiments. These indications, which all pertain to different scales of neutrino 
mass-squared differences, require that apart from the three well-know neutrino flavours at 
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least one additional sterile neutrino (without couplings to the W and Z bosons) must ex- 
ist. In our investigation we have assumed that there is one sterile neutrino and that the 
4-neutrino mixing matrix (|I|) is unitary. We have considered all possible schemes with four 
massive neutrinos which provide three scales of Am'^ (see Fig. [l|). 
The main points of our discussion can be summarized as follows: 

• The data prefer the non- hierarchical mass spectra (A) and (B) (see Fig. and Eg . (|28|) ) 
with two pairs of close masses separated by a mass difference of the order of 1 eV 
necessary for a description of the LSND result. In Scheme (A), the quantity |f/eiP + 
|[/e2p is small and |f//iip + |f^^2p is close to 1, and vice versa in Scheme (B). 

• The solar neutrino problem is preferably solved by u^ —>■ Vt-, i^s and the atmospheric 
neutrino anomaly by u^ —>■ 1/^-, Ug transitions. If the effective number N^, of neutrinos 
relevant in BBN is smaller than 4, then standard BBN leads to small mixing angle 
MSW z/g — > Us transitions as the solution of the solar neutrino problem and to u^ -^ v^ 
transitions in atmospheric neutrinos. 

• Again with A^^, < 4, i/^ -^ z/^ transitions are strongly suppressed in SBL neutrino 
oscillations. Note that in the case of A^^ < 4 all SBL neutrino oscillations are small or 
suppressed. 

• In LBL neutrino oscillations, it follows from Schemes (A) and (B) that the transitions 
'^e ^ '^a (tt 7^ e) and z/^ — > v^ are suppressed. 

• Schemes (A) and (B) could in principle be distinguished in ^H and {PP)ou decays, 
because in Scheme (A) neutrino mass effects are expected, whereas in Scheme (B) 
such effects are suppressed. Note that in Scheme (A) with the small mixing angle 
MSW solution of the solar neutrino problem, which is preferred by standard BBN (see 
Section |^), one gets |(m)| ~ ^^/Am^^ > 0.5 eV for the effective Majorana mass 
relevant in {PP)ou decay (see Eqs.(Pl) and (^2D ). Such a large value for \{m)\ should 
be close to discovery. 

Finally, we want to remark that the most crucial input in our discussion is the result of 
the LSND experiment. This result will be checked by the approved MiniBooNE experiment, 
which will begin data taking in 2001 [^,^. The SNO experiment, which is expected to 
announce the first results in 2000, will test the hypothesis of oscillations of solar neutrinos 



into sterile neutrinos |61[. It could thus deliver a very important further piece of evidence 
in favour of the sterile neutrino and thus indirectly also check the BBN constraint on the 
4-neutrino mixing matrix. 
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